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Abstract
The asymptotic symmetry group (ASG) at future null innity (I+) of four-dimensional
de Sitter spacetimes is dened and shown to be given by the group of three-dimensional
dieomorphisms acting on I+. Finite charges are constructed for each choice of ASG
generator together with a two-surface on I+. A conservation equation is derived relating
the evolution of the charges with the radiation ux through I+.
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1 Introduction
Dieomorphisms are the basic symmetry of general relativity. In spacetimes with an
asymptotic boundary, there is an interesting subgroup of the dieomorphisms, often
referred to as the asymptotic symmetry group (ASG), which \acts nontrivially" on the
boundary data. The precise form of the ASG depends on the spacetime in question, the
boundary conditions, the dynamics and the precise denition of \acts nontrivially". In
some cases charges can be associated with the asymptotic symmetries.
The subject of asymptotic symmetries began with the seminal work of Arnowitt, Deser
and Misner [1, 2] who showed that the ADM energy and momentum of an asymptoti-
cally Minkowski spacetime are associated with asymptotic translations at spatial innity.
Bondi, Meissner and Sachs [3, 4, 5, 6] studied the asymptotic symmetries at future null
innity (I+) and discovered an innite-dimensional group known as the BMS group.
The structure at I+ is much more complicated than the one at spatial innity because
radiation can pass through I+. More recently [7, 8], integrable charges have been con-
structed which are parameterized by both a choice of generator of the BMS group and a
2two-surface on I+. These charges obey a conservation equation reecting the possibility
of radiation ux at I+[9, 10].
In this paper we give a denition of the ASG for four-dimensional spacetimes, denoted
dS+, which are asymptotically de Sitter. Such spacetimes are of special interest because
they may include the one we inhabit. The asymptotic region I+ of such spacetimes is
a spacelike surface which coincides with future timelike innity. Its structure is in some
ways similar to Minkowskian I+ because there is in general a nonzero radiation ux, and
an innite-dimensional group is expected. We show that the ASG so dened is all of the
three-dimensional dieomorhpisms acting on I+.1
A naive power-counting of fallos of the relevant structures as I+ as approached
indicates that the charges associated with the ASG for dS+ should be divergent and
depend unpleasantly on the manner in which I+ as approached. However adapting the
results and insights of a number of recent papers [8, 11, 12, 13], we nd that nite charges
which do not depend on the approach to I+ can in fact be constructed. The resulting
expression for the charges (5.12) and their conservation equation (4.9) below are our main
results.
In judicious circumstances charges of the type constructed here generate, via Dirac
brackets, the associated symmetries. This may be the case for our charges , but subtleties
of the type discussed in [9] for the BMS charges (see also [14]) must be addressed to
demonstrate this.
This paper is organized as follows. In section 2 we discuss the asymptotic expansion
of dS+ spacetimes near future innity. In section 3 we propose our denition for the
asymptotic symmetry group of dS+. Finite charges for those dieomorphims tangent to
I+ comprising the ASG are constructed in section 4. These charges are rened using
covariant phase space techniques in section 5. Two appendices providing details of the
calculations are given at the end.
2 Boundary conditions
We are interested in solutions of the Einstein equations with a positive cosmological
constant  = 3=`2:2
R  
1
2
Rg =  
3
`2g : (2.1)
1Although the considerations of this paper are purely classical, we note in passing that the ASG dened
here is not necessarily a candidate symmetry group for a holographic dual for dS
+ quantum gravity as
the latter may involve a dierent treatment of I
+.
2We do not include addtional matter in our discussions. It may not be dicult to do so, especially if
it is assumed that everything ultimately decays into massless particles.
3de Sitter space is the simplest solution of (2.1). More complicated solutions often have
singularities either in the future or the past. In this paper we are mainly interested
in solutions which are asymptotically future de Sitter, which we will refer to as dS+
spacetimes. That is, they may be singular in the past, but in some sense approach pure
de Sitter in the future. dS+spacetimes are of special interest as they may well include
our own universe!
In order to dene our notion of a dS+spacetime we must specify boundary conditions.
We wish to make the boundary conditions relatively tight, to simplify the calculations,
while still allowing for example the possibility of gravitational waves to reach I+. It was
shown by Starobinsky [15] that a very general class of excited de Sitter spacetimes can
at late times be put in the \Feerman-Graham" (FG) form [16]
ds2
`2 =  
d2
2 +
dxidxj
2

g
(0)
ij + 2g
(2)
ij + 3g
(3)
ij + :::

: (2.2)
Here I+ is  ! 0. Note that the term proportional to  1 can be and is set to zero
in these coordinates. For the purposes of this paper, we take the denition of a dS+
spacetime to be any solution of the Einstein equation (2.1) with an expansion of the form
(2.2) with the g(k) smooth tensors on R3.
The Einstein equation imposes relations among the coecients in the FG expansion.
These include:
g
(2)
ij = Rij[g(0)]  
1
4
R[g(0)]g
(0)
ij ; (2.3)
rjg
(3)
ij = tr g
(3)
ij = 0 ; (2.4)
where the covariant derivative and trace are dened with respect to g(0). Moreover the
coecients g(k) of k 2 for k > 3 are then fully determined by g(0) and g(3). Hence the
data characterizing the spacetime is a boundary metric g(0) and a traceless conserved
tensor g(3).
2.1 Conformal slicing transformations
The precise forms of the boundary data g(0) and g(3) depend on the precise choice of
slices labeled by constant  as I+is approached. Consider an innitesimal slicing trans-
formation characterized by the dieomorphism  !  (xi). In order to preserve FG
gauge (2.2), this must be accompanied by an -dependent dieomorphism tangent to the
4slice. FG gauge-preserving slicing transformations are generated by the vector elds
() = (xk)@ + `2
h
@j(xk)
iZ  d0
0 gij(0;xk)@i : (2.5)
These slicing transformations act as conformal transformations on the data at I+ ac-
cording to
g
(0)
ij = 2g
(0)
ij ; (2.6)
g
(3)
ij =  g
(3)
ij : (2.7)
We see that g(0) transforms with weight 2 while g(3) transforms with weight -1. Hence the
physical boundary data, which do not depend on a slicing choice near I+ are a conformal
metric of conformal weight 2 and a traceless symmetric conserved tensor of weight -1.
3 The Asymptotic Symmetry Group
The asympotic symmetry group (ASG) is dened as the quotient group
ASG 
allowed dieomorphisms
trivial dieomorphisms
: (3.1)
In the present case, an allowed dieomorphism is any one which preserves the FG form
of every dS+ metric. We dene the trivial dieomorphisms to be those which leave the
boundary data on I+ invariant.
The most general allowed dieomorphism is of the form
 = i(xk)@i + (xk)@ +
2
2
g(0)ij@j(xk)@i + O(4) ; (3.2)
where here and hereafter i;j indices of g
(k)
ij are raised and lowered with g
(0)
ij .
As seen above, the -dependent terms do not change the boundary data. Moreover
the subleading  terms fall o so rapidly that they also do not change the boundary
data. Hence only the rst term in (3.2) is non-trivial, and the ASG is generated by
dieomorphisms of the form
ASG = i(xk)@i : (3.3)
Hence the ASG is simply the dieomorphisms of R3.
The short and simple treatment we have given here parallels the the one which orig-
inally lead to the BMS group as the ASG for the Minkowski space I+. A somewhat
5unsatisfactory feature of this treatment is that it is not clear precisely what is non-trivial
about the remaining R3 dieomorphisms. The best answer to this question is (and will
be below) provided by a more elaborate discussion involving the construction of asymp-
totic charges transforming non-trivially under the ASG. The trivial dieomorphisms are
dened as those whose associated charges or generators vanish when the constraints are
applied. However when there are energy uxes through the boundary, as is the case for
I+ in either Minkowski or de Sitter spacetimes, the charges will not be conserved and are
rather subtle to dene. The denition of such charges for Minkowski I+[7, 8, 10] did not
appear until several decades after the original work of BMS, and requires considerably
more technology. Using the vanishing of these charges as the denition of triviality, one
indeed recovers the BMS group.
Fortunately the hard work which went in to the denition of asymptotic charges at
Minkowksi I+ along with the development of the covariant phase space formalism [11, 17]
can be readily adapted to the dS+ case. We will see in the following that dening a
trivial dieomorphism as one whose associated charge vanishes happily leads back to the
conclusion stated above that the dS+ ASG is all of the dieomorphisms of R3.
4 Brown-York charges
In this section we will use the Brown-York formalism [18] to compute the charges asso-
ciated with the ASG generators (3.3) as well as their conservation laws.
The Brown-York formalism as developed in [18] is relevant only for dieomorphisms
which do not move the boundary of a given hypersurface. They therefore cannot be used
to associate charges or determine triviality of the more general allowed dieomorphisms
(3.2). This requires the more fully developed but also more complicated covariant phase
space formalism, which will see in the following section in the end leads back to the same
expression for the charges found more simply in this section.
4.1 Charges
The Brown-York stress tensor associated to a three-dimensional hypersurface , including
possible counterterms required for niteness at I+ of dS+, is given by :
Tij =  
1
8G

Kij   Kij   c1
2
`
ij   c2`Gij

: (4.1)
Here ij; Gij and Kij are the induced intrinsic metric and Einstein tensor and extrin-
sic curvature respectively of , while c1 and c2 are at this point arbitrary constants.
6This expression is derived [18, 19, 20] by taking a variational derivative of the Einstein-
Hilbert action plus counterterms with respect to the induced metric at the boundary.
The regularized action whose variation gives (4.1) is:
Stotal =
1
16G
Z
M
d4x
p
 g
 
R[g]   6=`2
+
Z
I+
LGH +
Z
I+
Lct : (4.2)
where
LGH 
1
8G
p
K []d3x; Lct 
1
16G
p

 
c2`2R[]   4c1=`

d3x : (4.3)
Evaluating the on-shell Brown-York stress tensor at a surface of small constant  near
I+ of an arbitrary dS+ spacetime one nds (along the lines of [21, 22, 23]):
Tij =  
`
8G

2
2 (1   c1)g
(0)
ij + (3   2c1)g
(2)
ij  

g(0)klg
(2)
kl

g
(0)
ij   c2Gij[g(0)]
+

7
2
  2c1

g
(3)
ij

+ O(2) : (4.4)
In the hope of constructing nite charges at dS+, we choose c1 and c2 to make this
expression as small as possible for  ! 0. With the choice of
c1 = c2 = 1 ; (4.5)
we arrive at
Tij =  
3`
16G
g
(3)
ij  T(0)ij ; Ti
i = riTij = 0 ; (4.6)
where we have dened the O(1) part T(0)ij for convenience. Charges are associated with
a two-dimensional compact submanifold @ of I+, which is a boundary of a noncompact
three-volume , together with a vector eld  of the form (3.3) generating the ASG.
We dene these charges by working on a hypersurface of small constant  and using
a submanifold @ of  that approaches the desired @ on I+ for  ! 0 and is the
boundary of a noncompact hypersurface  in dS+. The expression is
QBY

h
g(0);g(3);@
i
= lim
!0
Z
@
d2x
p
nijTij : (4.7)
ni here is tangent to  and normal to @, while  is the induced metric on @.
Finiteness of the charges follows from the fact that ni  ,
p
   2 and Tij  . This
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Fig. 1: Consider two spacelike slices 1 and 2 ending on @1 and @2. The dierence
between the Brown-York charge QBY is given by the integral over the radiation ux
F in the 3-volume (B12 in I+) bounded by @1 and @2. Here, the Penrose diagram
depicts a spacetime which tends to de Sitter space in the far future. The spacelike jagged
line represents the far past which could for example be the big bang.
expression is manifestly conformally invariant
QBY

h
g
(0)
ij ;g
(3)
ij
i
= QBY

h

2g
(0)
ij ;
 1g
(3)
ij
i
: (4.8)
This is equivalent to the statement that the charges are independent of the precise manner
in which the surface @ is taken to the boundary dS+. When there are appropriate
asymptotic Killing vectors these Brown-York charges reduce to the conserved Abbott-
Deser charges [24].
4.2 Conservation equation
Consider two submanifolds @1 and @2 of I+ which bound two spacelike hypersurfaces
1 and 2. In general we do not expect that the charge associated to a generic vector
eld  will be the same for @1 and @2, in part because energy and other uxes can
leak out through the region B12 of I+ between them (see Fig. 1). Rather, we expect the
dierence in the charges to be related to a ux through this region. The formula for this
8is straightforward to obtain:
QBY 
Z
@2
d2x
p
nijTij  
Z
@1
d2x
p
nijTij
=  
3`
32G
Z
B12
g(3)ijLg
(0)
ij
q
g(0)d3x

Z
B12
F ; (4.9)
where we have integrated by parts and used rjTij = 0.
When  is an isometry of g(0), the ux vanishes. The form of (4.9) is reminiscent of
the analogous case in Minkowski space where F =   1
32GNabab(3) with ab / Lgab
and Nab the Bondi news tensor [7, 8, 25]. In the BMS case, the ux vanishes whenever
the news tensor is zero, which is equivalent to the absence of radiation. In our context,
we can interpret g
(3)
ij as the `de Sitter news tensor'. When g
(3)
ij = 0, as in pure de Sitter,
there is no radiation and no ux. Indeed, adding a gravitational wave to pure de Sitter
[26] gives rise to a non-zero g
(3)
ij term which is recorded by the ux.
5 Covariant phase space charges
In this section we consider the charges given by the covariant phase space formalism
[8, 11, 17]. One advantage of these charges is that, in contrast to the Brown-York charges,
they may be evaluated for dieomorphisms that are not tangent to I+.3
5.1 The symplectic form
In this section we construct a symplectic form ! [1g;2g] for the phase space of initial data
on a hypersurface  ending on I+. The problem is to nd an expression which is nite
for all on-shell deformations which preserve the FG form of the metric. A mathematically
very similar problem was considered by Comp ere and Marolf in [12], who dened a nite
symplectic form for the case of Neumann, rather than the usual Dirichlet, boundary
conditions on the metric in anti-de Sitter space.
In the usual Einstein-Hilbert story, one begins with the variation of the four-form
Lagrangian
LEH [g] = dEH [g;g] (5.1)
where the so-called presymplectic three-form EH [g;g] is the remaining boundary term.
3In what follows, we evaluate all expressions on-shell.
9An expression for EH can be found in (B.3). From this presymplectic three-form we
can dene the symplectic three-form !EH by
!EH[1g;2g] = 1EH [g;2g]   2EH [g;1g] : (5.2)
The symplectic product associated to  is then
h1gj2giEH; =
Z

!EH[1g;2g] : (5.3)
From the explicit expression in the appendix A for !EH, one may readily verify that this
expression however is not in general nite for on-shell variations respecting our boundary
conditions (2.2). To remedy this we note that EH is ambiguous up to the addition of
an exact form dB. Finiteness can be restored by a judicious choice of B, which is in
fact canonically associated to the boundary counterterms added in the previous section
to ensure niteness of the Brown-York stress tensor. The result is [12]
!mod [1g;2g] = !EH [1g;2g] + d!ct [1;2]; (5.4)
where  is the induced metric on the boundary of  and !ct is the symplectic form built
out of the counterterm action. Explicit expressions are given in appendix A. Using these
expressions a computation essentially identical { up to a few sign changes { to the one
in [12] shows that the associated symplectic products are nite. Note however that local
conservation of the symplectic form (5.4) does not imply conservation of the symplectic
product (5.3) since physical excitations leak through I+.
5.2 Integrable charges
Given a nite symplectic product, and an allowed dieomorphism  of the form (3.2), the
covariant phase space formalism provides a canonical construction of the charge dierence
between two solutions which dier by an amount g.4 Dene
kdS
 [g] = I!mod [Lg;g] ; (5.5)
where the object I is a homotopy operator whose explicit form can be found in [11, 27].
The innitesimal charge dierence for a two-dimensional compact hypersurface @ in I+
4For some details of the derivation we refer the reader to appendix B and [12].
10is then
Q =
Z
@
kdS
 [g] = QBY
  
1
2
Z
@
d2x
q
g(0)nk[g(0)]kT
ij
(0)g
(0)
ij ; (5.6)
For future convenience, we introduce the three-form (0) through:
Z
@
i(0)[g(0);g(0)] 
1
2
Z
@
d2x
q
g(0)nk[g(0)]kT
ij
(0)g
(0)
ij ; (5.7)
where i is the interior product with respect to i. Notice that upon imposing Dirichlet
boundary conditions, i.e. that the variation of the boundary metric g(0) vanishes, the
charges are equivalent to those of the Brown-York formalism. However such a boundary
condition is inappropriate at the boundary of dS+ because it precludes for example
gravity waves.
A second, related, issue concerning these charge dierences is that they are not inte-
grable: there is no unambiguous way to integrate the innitesimal charge dierences up
to a nite one. The obstruction is visible in the non-vanishing commutator
(12   21)Q =  1
Z
@
i(0)[g(0);2g(0)]   (1 $ 2) 6= 0 : (5.8)
Exactly the same problem is encountered in dening BMS type charges at I+ in Minkowski
space. In this context Wald and Zoupas [8] have proposed adding an additional boundary
term to the charges
QWZ
 = Q +
Z
@
iWZ
h
g(0);g(0)
i
: (5.9)
The WZ boundary term is designed to precisely cancel the term leading to non-integrability
in (5.8). We can immediately identify, exactly as in [8]:
WZ = (0) : (5.10)
As discussed in [8], the WZ term is related to the ux through:
F = WZ
h
g(0);g(0)
i
; (5.11)
in agreement with our earlier expression (4.9).
Adding this term to the covariant phase space charge gives nally
QWZ
 = QBY
 =) QWZ
 =
Z
@
d2x
p
nijTij : (5.12)
11Hence, the covariant phase space charges, after a lengthy analysis, reduce precisely to
those of Brown and York. However it can now be seen explicitly that the conformal
slicing transformations are indeed trivial, as earlier anticipated.
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A The Symplectic Form
The symplectic form for the Einstein-Hilbert Lagrangian is given by:5
!

EH [1g;2g] =  P (2gr1g   (1 $ 2)) ; (A.1)
where the tensor density P is given by:
P =
@
@g;
LEH
g
; (A.2)
where LEH 
p
 gR[g]=16G. More explicitly, P is given by:
P =
p
 g
32G

gg(g) + g(g)g + g(g)g
 ggg   g(g)(g)   g(g)(g)

: (A.3)
The symplectic form for the counterterm action Sct in four-dimensions can be expressed
in terms of the three-dimensional symplectic form of the Einstein-Hilbert Lagrangian as
follows:
!ct [1;2] = !
(3)
EH [1;2] : (A.4)
In the FG gauge, variations of the metric reduce to variations of the induced metric  at
the boundary and the pullback of the (d + 1)-dimensional sympectic structure !EH to
the spatial slice  can be expressed in terms of the d-dimensional symplectic structure
!
(d)
EH as follows:
!EH [1g;2g] =
1

!
(d)
EH [1;2] : (A.5)
5For asymptotically de Sitter spacetimes obeying the Feerman-Graham form one can show that the
Iyer-Wald [8] and Barnich-Brandt constructions [11] of the symplectic form are equivalent.
12Expanding !
(d)
EH on-shell using the FG expansion (2.2):
!
(d)
EH [1;2] = 2 d!(0)EH
h
1g(0);2g(0)
i
+
4 d!(2)EH
h
1g(0);2g(0)
i
+ O

5 d

: (A.6)
B Covariant Phase Space Charges
In this appendix we provide some details on the charges. We begin with the expression
for the charge:
Q 
Z
@
kdS
 [g] ; (B.1)
where kdS
 [g] was given in (5.5). In direct analogy to [12], we nd
Q =  
Z
@
K [g] +
Z
@
iEH[g;g] +
Z
@
!ct[Lg;g] ; (B.2)
where @ is a compact two-dimensional submanifold of I+ and
EH [g;g] 
p
 g
96G
h
grg   grg
i
dxdxdx : (B.3)
The K[g] term is the usual Komar term [28]:
K[g]   
p
 g
64G
[r   r]dxdx : (B.4)
The counter terms are related to EH by the following condition:
EH[g;g]jI+ = LGH + ij
Lct
ij
  1
2
q
g(0)T
ij
(0)g
(0)
ij d3x : (B.5)
We further dene the pre-symplectic form ct[;] which is related to the counterterm
sympectic structure !ct and counterterm Lagrangian as:
dct  Lct   ij
Lct
ij
; !ct[1;2] = 1ct[;2]   2ct[;1] : (B.6)
Combining the above we obtain:
Q = 
Z

( K + iLGH + iLct   ct[;])  
Z
@
i(0)[g(0);g(0)] : (B.7)
13It then follows from a straightforward calculation that (B.7) leads to
Q = QBY  
Z
@
i(0)[g(0);g(0)] : (B.8)
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